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ABSTRACT
We construct a family of five-dimensional gauged supergravity actions which
describe flop transitions of M-theory compactified on Calabi-Yau threefolds.
While the vector multiplet sector can be treated exactly, we use the Wolf
spaces X(1 + N) = U(1+N,2)
U(1+N)×U(2) to model the universal hypermultiplet to-
gether with N charged hypermultiplets corresponding to winding states of
the M2-brane. The metric, the Killing vectors and the moment maps of
these spaces are obtained explicitly by using the superconformal quotient
construction of quaternion-Ka¨hler manifolds. The inclusion of the extra hy-
permultiplets gives rise to a non-trivial scalar potential which is uniquely
fixed by M-theory physics.
1Work supported by the ‘Schwerpunktprogramm Stringtheorie’ of the DFG.
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1 Introduction
Supergravity actions provide a powerful tool for studying the low energy
dynamics of string and M-theory compactified on special holonomy mani-
folds. In this case one usually has a moduli space of vacua, corresponding to
the deformations of the internal manifold X and the background fields. For
theories with eight or less supercharges this moduli space includes special
points where X becomes singular, leading to a discontinuous or singular low
energy effective action (LEEA). However, within the full string or M-theory
these singularities are believed to be artifacts, which result from ignoring
some relevant modes of the theory, namely the winding states of strings or
branes around the cycles of X . Singularities of X arise when such cycles
are contracted to zero volume, which leads to additional massless states. It
was the crucial insight of [1] that the singularities occurring in the LEEA of
type II strings compactified on a Calabi-Yau (CY) threefold with a conifold
singularity can be interpreted as arising from illegitimately integrating out
such massless states. This has been generalized to many other situations,
including M-theory compactifications on CY threefolds [2]. In some cases it
is possible to resolve the singularity of X in two or more topologically dif-
ferent ways. This gives rise to so-called topological phase transitions. Such
transitions have been studied intensively in literature [3, 4, 5, 2].2 They
can be realized as parametric deformations of vacua, but also dynamically
[7, 8, 9, 10, 11].
The usual LEEA only include those states which are generically massless,
while the extra light modes occurring in a topological phase transition are
left out. We refer to this description as the ‘Out-picture’. For the complete
description of the low energy physics, however, one also needs to include
2We refer to [6] for a review and more references.
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the additional light modes. Following [10], we will call these additional light
modes ‘transition states’. The low energy description which explicitly in-
cludes the transition states will be referred to as the ‘In-picture’.
There are various reasons why it is important to know the In-picture
description of topological phase transitions. The compactification of type II
string theory or M-theory on smooth spaces gives rise to a massless spectrum
which only contains neutral states. However, in the vicinity of special points
one can get non-abelian gauge groups and charged chiral matter, which makes
such compactifications viable for particle physics model building. Since in
these models all charged particles are transition states, it is clear that one
needs the extended LEEA corresponding to the In-picture to describe their
dynamics. It has also been shown that in compactifications with background
flux the scalar potential has its minima at special points in moduli space,
where additional light states occur [12, 13]. Conversely, it has been noticed in
[10] that even in the absence of flux the potential generated by the transition
states has the effect that the region in the vicinity of a topological phase
transition is dynamically preferred. Finally, there is some evidence that the
interplay between singularities and background flux generates a small scale,
which could help to solve the gauge hierarchy and the cosmological constant
problem [14, 15, 16].
Although it is clear in principle that one should be able to “integrate in”
the additional states, not much effort has been devoted towards working out
the corresponding LEEA explicitly. A systematic investigation was started
in [17] and continued in [18], by deriving the explicit LEEA which describe
SU(2) gauge symmetry enhancement through string or brane winding states
in five and four dimensions. For compactifications with N = 4 supersym-
metry (16 supercharges) non-abelian gauge symmetry enhancement of the
3
LEEA has been considered in [19].
The first step to obtain analogous results for flop transitions occurring in
M-theory compactified on CY threefolds has been made in [10]. In this case
the transition states are given by charged hypermultiplets which combine
with the neutral hypermultiplets arising from the smooth CY compactifi-
cation. Local supersymmetry requires that these fields parametrize a non-
flat quaternion-Ka¨hler manifold [20]. In [10] the difficulties in working with
these rather complicated manifolds were avoided by taking the hypermulti-
plet manifold to be flat. This, however, is only compatible with global super-
symmetry and does not give rise to a consistent supergravity description of
the transition.
In this paper we construct In-picture LEEA for flop transitions which
are N = 2 locally supersymmetric. The strategy is to combine information
about the transition states coming from M-theory with knowledge about the
general N = 2, D = 5 gauged supergravity action [21, 22, 23, 24].3
As long as the CY threefold X is smooth, the LEEA can be obtained by
dimensional reduction [25]. Besides the five-dimensional supergravity multi-
plet, it contains vector and hypermultiplets whose couplings are determined
by X . The LEEA is an ungauged supergravity action: all fields are neutral,
the gauge group is abelian, and there is no scalar potential. In a flop tran-
sition the Ka¨hler moduli are varied such that X becomes singular through
the contraction of N isolated holomorphic curves [2]. The winding states of
M2-branes around these curves give rise to N charged hypermultiplets, which
become massless at the transition locus. These are the transition states that
we want to integrate in. Since they are charged, the resulting action is a
3Here N counts real supercharges in multiples of 4. Thus N = 2 refers to the smallest
supersymmetry algebra in five dimensions.
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gauged supergravity action, which has a non-trivial scalar potential.
The vector multiplet sector of the LEEA contains the Ka¨hler moduli
which control the sizes of the N holomorphic curves and, hence, the phase
transition. These parametrize a so-called very special real manifold which
is completely determined by a cubic polynomial, the prepotential. In the
Out-picture the prepotential can be computed exactly and the threshold
corrections arising from integrating out the transition states have been de-
rived in [2]. As a result, we can determine the vector multiplet part of the
In-picture LEEA exactly.
The situation is much more complicated in the hypermultiplet sector,
and this is the main point we have to address in this paper. Local super-
symmetry requires that the hypermultiplet manifold is a quaternion-Ka¨hler
manifold with non-trivial Ricci curvature [20]. The latter constraint excludes
hyper-Ka¨hler and in particular flat manifolds. The main difference between
(generic) quaternion-Ka¨hler manifolds and other geometries familiar from su-
persymmetric theories, such as hyper-Ka¨hler and special Ka¨hler manifolds,
is that there are no simple, globally defined holomorphic objects which en-
code the information one needs to construct the LEEA. There is no Ka¨hler
potential and in general a quaternion-Ka¨hler manifold is not even a complex
manifold. Moreover, for the study of gaugings it would be convenient to take
the hypermultiplet manifold to be a direct product, with the neutral fields
in one factor and the charged fields in the other. But this is also not an
option, because the product of two (generic) quaternion-Ka¨hler manifolds is
not quaternion-Ka¨hler.
Due to these complications, this type of geometry is much less understood
than the other geometries occurring in supergravity. In particular, only very
limited results exist on how to explicitly compute the hypermultiplet metric
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in string or M-theory. The best studied subsector is the universal hypermul-
tiplet, which at tree level is described by the coset U(1,2)
U(1)×U(2) , but receives
a non-trivial loop correction [26]. The tree level result for the neutral hy-
permultiplets can be obtained through the c-map [27, 28], but only little is
known about quantum corrections (see [29] for a review). Charged multiplets
have not been studied at all.
Therefore we take the approach of using a toy model: to describe a flop
transition we use a particular family of symmetric quaternion-Ka¨hler spaces,
the non-compact versions of the unitary Wolf spaces
X(1 +N) =
U(1 +N, 2)
U(1 +N)× U(2) , (1.1)
containing N +1 hypermultiplets. One of these hypermultiplets will be iden-
tified with the universal hypermultiplet while the N other hypermultiplets
will correspond to the transition states. Their charges are determined by
the geometry of the flop transition. The remaining neutral hypermultiplets
present in a generic LEEA will be ignored. This is a reasonable approxi-
mation, because these hypermultiplets parametrize the complex structure of
X , which is kept fixed in a flop transition. As we will show, this input suf-
fices to uniquely determine the gauging and, hence, the remaining freedom in
the LEEA which then indeed has all the properties required to model a flop.
Only the transition states acquire a mass away from the transition locus, and
the potential has a family of degenerate supersymmetric Minkowski ground
states, which is parametrized by the moduli of X .
In order to cope with the technical problems arising in the hypermultiplet
sector it is extremely useful that every quaternion-Ka¨hler manifold can be
obtained from a so-called hyper-Ka¨hler cone by a superconformal quotient
[30]. As indicated by the name, this construction is intimately related to
the construction of hypermultiplet actions using the superconformal tensor
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calculus [31, 32, 33]. This treatment does not utilize the fact that the spaces
X(1 + N) happen to be Ka¨hler, but only relies on techniques which apply
to any quaternion-Ka¨hler manifold. Moreover, working on the level of the
hyper-Ka¨hler cone has the advantage that the product of two hyper-Ka¨hler
cones is again a hyper-Ka¨hler cone. Thus one can put all the neutral fields
in a separate factor. The isometries of X(1 +N) are also obtained from the
isometries of the corresponding hyper-Ka¨hler cone. We find the resulting
parametrization very useful for discussing the gauging of the LEEA, as it
is straightforward to see which Killing vector corresponds to the gauging
describing a flop transition. The standard parametrization of X(1+N) [28],
which relies on its Ka¨hler structure, is much less useful for this.
The remaining sections of this paper are organized as follows. In section
2 we review the general N = 2, D = 5 gauged supergravity action and its
relation to CY compactifications of M-theory. We explain how the vector
multiplet sector can be determined exactly and introduce an explicit model
for a flop transition. In section 3 we use the superconformal quotient con-
struction to derive the metric and all isometries of the unitary Wolf spaces
X(1 + N). In section 4 we construct an LEEA for the specific flop model
introduced in subsection 2.3, which explicitly includes the transition states.
In section 5 we generalize this setup to a generic flop transition and show
that our input uniquely fixes the hypermultiplet sector of the In-picture La-
grangian. In section 6 we discuss our results and give an outlook on future
research.
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2 Five-dimensional Supergravity and Calabi-
Yau compactifications
First we will review the relevant properties of N = 2, D = 5 gauged su-
pergravity [21, 22, 23, 24] and its relation to M-theory compactified on CY
threefolds. For smooth CY compactifications this relation was worked out
in [25]. Our conventions for the five-dimensional gauged supergravity action
follow [34]. We refer to these papers for further details.
2.1 Five-dimensional gauged supergravity
The LEEA of eleven-dimensional supergravity compactified on a smooth CY
threefold X with Hodge numbers hp,q is given by five-dimensional super-
gravity coupled to nV = h
1,1 − 1 abelian vector and nN = h2,1 + 1 neutral
hypermultiplets. By explicitly including the transition states arising in a flop
transition we additionally obtain δnH charged hypermultiplets.
The natural starting point for the construction of a LEEA which includes
these states is given by the general N = 2, D = 5 gauged supergravity
action with nV vector, nH = nN + δnH hyper and no tensor multiplets.
Anticipating the results of sections 4 and 5, we limit ourselves to the case of
abelian gaugings. The bosonic matter content of this theory consists of the
graviton e aµ , nV + 1 vector fields A
I
µ with field strength F
I
µν = ∂µA
I
ν − ∂νAIµ,
nV real vector multiplet scalars φ
x, and 4nH real hypermultiplet scalars q
X .
The bosonic part of the Lagrangian reads:
√−g−1LN=2bosonic = −
1
2
R− 1
4
aIJF
I
µνF
J µν
−1
2
gXYDµqXDµqY − 1
2
gxyDµφxDµφy (2.1)
+
1
6
√
6
CIJK
√−g−1ǫµνρστF IµνF JρσAKτ − g2V(φ, q) .
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The scalars φx and qX parametrize a very special real manifoldMVM [21] and
a quaternion-Ka¨hler4 manifold MHM with Ricci scalar R = −8nH(nH + 2)
[20], respectively.
The vector multiplet sector is determined by the completely symmetric
tensor CIJK, appearing in the Chern-Simons term. This tensor is used to
define a real homogeneous cubic polynomial
V(h) = CIJK hI hJ hK (2.2)
in nV + 1 real variables h
I . The nV -dimensional manifold MVM is obtained
by restricting this polynomial to the hypersurface
V(φ) = CIJK hI(φ) hJ(φ) hK(φ) = 1 . (2.3)
The coefficients aIJ appearing in the kinetic term of the vector field strength
are given by
aIJ(h) := − 1
3
∂
∂hI
∂
∂hJ
lnV(h)
∣∣∣∣
V=1
= −2CIJK hK + 3CIKLCJMN hKhLhMhN .
(2.4)
Defining
hIx := −
√
3
2
∂
∂φx
hI(φ) , hI := CIJKh
JhK , (2.5)
the metric onMVM is proportional to the pullback5 of aIJ ,
gxy(φ) := h
I
x h
J
y aIJ . (2.6)
4In parts of the physical literature, including [20], these manifolds are called ‘quater-
nionic’. However, in the mathematical literature quaternionic is a weaker condition than
‘quaternion(ic)-Ka¨hler’. Definitions for both kinds of manifolds are given later in the main
text.
5The aIJ can be interpreted as a metric on the space into whichMVM is immersed by
(2.3).
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The hypermultiplet scalars qX parametrize a quaternion-Ka¨hler manifold
of dimension dim
R
(MHM) = 4nH . For nH > 1 such manifolds are character-
ized by their holonomy group,
Hol(MHM) = SU(2) · USp(2nH) , (2.7)
while in the case nH = 1 they are defined as Einstein spaces with self-dual
Weyl curvature. The restricted holonomy group implies that the curvature
tensor decomposes into an SU(2) and USp(2nH) part
RXYWZ f
W
iA f
Z
jB = ǫij RXY AB + CAB RXY ij . (2.8)
Here i = 1, 2 is an SU(2) index and A = 1, . . . , 2nH is a USp(2nH) in-
dex. These are raised and lowered by the symplectic metrics ǫij and CAB,
respectively. The 4nH -bein f
iA
X is related to the metric on MHM by
gXY = f
iA
X f
jB
Y ǫijCAB = f
iA
X fY iA , (2.9)
and satisfies:
fXiA f
iA
Y = δ
X
Y , f
X
iAf
jB
X = δ
j
i δ
B
A . (2.10)
Local supersymmetry requires the SU(2) part of the curvature to be non-
vanishing [20]. This feature excludes hyper-Ka¨hler manifolds as target man-
ifolds, since these have trivial SU(2) curvature.
The superconformal quotient construction [31, 32] employed in the next
section provides a method to obtain all the quantities of interest in the hyper-
multiplet sector. In this approach the metric gXY and all its isometries are
computed from the corresponding quantities of the associated hyper-Ka¨hler
cone, without the need to introduce the vielbein f iAX . However, to be able to
relate our results to the mayor part of the literature on hypermultiplets, we
review the properties of quaternion-Ka¨hler manifolds using the vielbein f iAX .
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We first introduce the Levi-Civita connection Γ XY Z , a USp(2nH) con-
nection ω AXB , and an SU(2) connection ω
i
Xk . The vielbein is covariantly
constant with respect to these connections,
∂Xf
iA
Y − Γ ZXY f iAZ + f iBY ω AXB + ω iXk fkAY = 0 . (2.11)
The SU(2) curvature can be expressed in terms of the vielbein as
RXY ij = fXC(i fCj)Y . (2.12)
Raising the index j with ǫij , we can expand the SU(2) curvature in terms of
the standard Pauli matrices,
R jXY i = iRrXY (σr) ji , (2.13)
where r = 1, 2, 3 enumerates the Pauli matrices. The RrXY defined in this
way are real and satisfy
RrXY RsY Z = −
1
4
δrsδ ZX −
1
2
ǫrstRt ZX . (2.14)
It is no accident that the above formula resembles the quaternionic algebra.
A quaternion-Ka¨hler manifold is in particular quaternionic, i.e., there locally
exists a triplet of almost complex structures, which satisfy the quaternionic
algebra. The curvaturesRrXY are proportional to these almost complex struc-
tures. However, since in general none of these almost complex structures is
integrable, a quaternion-Ka¨hler manifold does not need to be Ka¨hler, or, in
fact, not even complex.
We now turn to the isometries ofMHM which are relevant for the gauging.
These must be compatible with the three locally defined almost complex
structures, i.e., they leave the almost complex structures invariant up to an
SU(2) rotation. Such isometries are called tri-holomorphic. Given a tri-
holomorphic Killing vector KXI (q) on the quaternion-Ka¨hler manifold, the
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RrXY can be used to construct an SU(2) triplet of real prepotentials P rI (q),
the so-called moment maps [35]:6
RrXYKYI = DX P rI , DXP rI := ∂xP rI + 2ǫrstωsXP tI . (2.15)
Here ωsX is defined by ω
j
Xi =: i ω
r
X(σr)
j
i . Using eq. (2.14) this relation can
be solved for the Killing vector KYI (q):
KZI = −
4
3
Rr ZXDXP rI . (2.16)
Hence the moment map P rI provides a triplet of functions from which the
Killing vectors of MHM can be obtained. Additionally, one can show that
eq. (2.15) determines the prepotentials uniquely. In particular, covariantly
constant shifts P
r(0)
I are excluded. This is shown by first contracting eq.
(2.15) with DX and then using the harmonicity property of the prepotentials
[36]:
P rI =
1
2nH
DX
(
KIYRr XY
)
. (2.17)
By virtue of eq. (2.15), this relation implies P
r(0)
I = 0 as RrXYKYI = 0 for
a covariantly constant shift. Hence there is no analog of D = 4, N = 1
Fayet-Iliopoulos terms in D = 5, N = 2 supergravity with a non-trivial
hypermultiplet sector.
We now discuss the gauging of the Lagrangian (2.1). The scalars take val-
ues in a Riemannian manifold, and the gauge group must operate on them
as a subgroup of the isometry group in order to keep the action invariant.
The procedure which allows one to construct the gauge couplings is known
as ‘gauging isometries of the scalar manifold’ [21, 22, 23, 24]. This procedure
includes the covariantization of the derivatives appearing in the scalar ki-
netic terms with respect to isometries of the vector or hypermultiplet target
6Up to a rescaling, these are identical to the µˆr constructed in the next section.
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manifolds,
DµqX := ∂µqX + gAIµKXI (q) , Dµφx := ∂µφx + gAIµKxI (φ) . (2.18)
Here the KXI (q) and K
x
I (φ) are the Killing vectors of the gauged isometries
in the hypermultiplet and vector multiplet scalar manifold, respectively. An
important consequence of the gauging is that we now have a non-trivial scalar
potential V(φ, q). Since we have both vector and hypermultiplets but no ten-
sor multiplets, this potential is determined by the gauging of hypermultiplet
isometries. In order to write down V explicitly, we define:
P r := hI(φ)P rI , P
r
x := h
I
xP
r
I , K
X := hI(φ)KXI . (2.19)
Here hI(φ) are the scalars (2.2) associated to the gauge field AIµ, K
X
I (q)
denotes the Killing vector of the hypermultiplet isometry for which AIµ serves
as a gauge connection, and P rI is its associated SU(2) triplet of moment maps.
The scalar potential takes the form
V(φ, q) = −4P rP r + 2gxyP rxP ry +
3
4
gXYK
XKY . (2.20)
Under some conditions [34], this potential can be rewritten in terms of
a real function W. This ‘stability form’ is useful, because it is sufficient to
guarantee the gravitational stability of the theory [37]. In five dimensions
the relation between W and V is:
V(φ, q) = −6W2 + 9
2
gΛΣ∂ΛW∂ΣW . (2.21)
Here φΛ, Λ,Σ = 1, . . . nV +4nH denotes the combined set of vector and hyper-
multiplet scalar fields, gΛΣ is the direct sum of the vector and hypermultiplet
inverse metrics,
gΛΣ(φ, q) := gXY (q)⊕ gxy(φ) , (2.22)
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and W is given by
W :=
√
2
3
P r P r . (2.23)
The equivalence of eqs. (2.20) and (2.21) requires that when splitting P r
into its norm and phase,
P r =
√
3
2
W Qr , Qr Qr = 1 , (2.24)
the phase Qr is independent of the vector multiplet scalars, ∂xQ
r = 0. As we
will show, the scalar potentials of our models indeed satisfy this condition,
thereby guaranteeing that the vacua of the theory are stable.
2.2 Calabi-Yau compactifications
When compactifying eleven-dimensional supergravity on a smooth CY three-
fold X [25], one obtains a five-dimensional ungauged supergravity action, i.e,
all fields are neutral under the gauge group U(1)nV +1 and there is no scalar
potential. In this case the objects introduced above acquire a geometrical
interpretation: the vector multiplet scalars encode the deformations of the
Ka¨hler class of X at fixed total volume, while the hypermultiplet scalars
parametrize the volume of X , deformations of its complex structure, and de-
formations of the three-form gauge field. The hypermultiplet containing the
volume is called the universal hypermultiplet, because it is insensitive to the
complex structure of X . Further, the CIJK determining the vector multiplet
sector of the LEEA are given by the triple intersection numbers of X ,
CIJK = DI ·DJ ·DK , (2.25)
where the DI , I = 0, . . . , nV are a basis of the homological four-cycles
H4(X,Z). The dual basis C
I for the two-cycles is defined by
CI ·DJ = δIJ . (2.26)
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By integrating the Ka¨hler form over the two-cycles CI we obtain the quan-
tities
hˆI =
∫
CI
J , (2.27)
which control the volumes of even-dimensional cycles of X . In particular,
the overall volume of X is given by
vol(X) =
1
3!
∫
X
J ∧ J ∧ J = 1
6
CIJK hˆ
I hˆJ hˆK . (2.28)
Since the modulus corresponding to the total volume belongs to the universal
hypermultiplet, one needs to introduce rescaled fields
hI = (6 vol(X))−1/3 hˆI , (2.29)
in order to separate the vector and hypermultiplet moduli [25, 10]. These
rescaled moduli appear in the cubic polynomial (2.3). Moreover, one needs
to split the volume into the volume modulus V, which is a dynamical field,
and a fixed reference volume v, which relates the eleven-dimensional and the
five-dimensional gravitational couplings,
vol(X) = v · V , where v
κ2
(11)
= 1
κ2
(5)
. (2.30)
2.3 Flop transitions
We now review the geometry and M-theory physics of flop transitions. The
discussion follows [2], but uses the terminology of [38]. Useful references for
background information are [39, 6, 4].
The Ka¨hler moduli space of a CY threefold X is a cone, called the Ka¨hler
cone. The vector multiplet moduli space is the projectivization of this cone,
or, equivalently, a hypersurface corresponding to fixed total volume. At
15
the boundaries of the Ka¨hler cone some submanifolds of X contract to zero
volume and X becomes a singular CY space Xˆ . If there is a second, in-
equivalent, way to resolve the singularities of Xˆ , leading to a smooth but
topologically different CY manifold X˜, then X and X˜ are said to be related
by a topological phase transition.
We will consider type I contractions, which lead to flop transitions. In
this case the Ka¨hler cones of X and X˜ can be glued together along their
common boundary h⋆ = 0. By joining the Ka¨hler cones of all CY threefolds
related by flops, one obtains the extended Ka¨hler cone.
In a flop transition N isolated holomorphic curves Ci, i = 1, . . . , N ,
which belong to the same homology class C⋆ = qIC
I and have volume
h⋆ = qIh
I , are contracted to zero volume. By wrapping M2-branes around
these holomorphic cycles, one obtains BPS states which carry the charges
±(qI), I = 0, . . . , nV under the gauge fields AIµ. This means that these states
are charged under the gauge group U(1) ⊂ U(1)nV +1, which corresponds to
the gauge field A⋆µ = qIA
I
µ. Their masses are proportional to the volume of
the holomorphic curves. By dimensional reduction of the M2-brane action
one computes the mass [10]
M = T(2)(6v)
1/3qIh
I , (2.31)
where T(2) is the tension of the M2-brane. Since Z = ±qIhI is the cen-
tral charge of the charged states with respect to the five-dimensional su-
persymmetry algebra, we recognize the five-dimensional BPS mass formula
M(BPS) = const · |Z|.7
7From the eleven-dimensional point of view the mass of a wrapped M2-brane is given
by M(11) = T(2)vol(C) = T(2)(6vV)1/3qIhI . However, the relation between the eleven-
dimensional and five-dimensional metrics involves a conformal rescaling by the volume
modulus V.
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For a flop transition these BPS-states are charged hypermultiplets, i.e.,
one obtains N massless charged hypermultiplets at the boundary h⋆ = 0 of
the Ka¨hler cone of X . As long as the charged hypermultiplets have finite
mass, h⋆ > 0, physics at scales below this mass can be described by the
effective action S derived from dimensional reduction on X . We call this
the Out-picture LEEA, because it does not contain the transition states. Its
vector multiplet sector is completely determined by the triple intersection
numbers CIJK . In the flop transition the curves Ci are contracted to zero
volume and then re-expanded to holomorphic curves C˜i in the homology
class C˜⋆ = −C⋆. The triple intersection numbers C˜IJK of X˜ are related to
those of X by
C˜IJK = CIJK − N
6
(DI · C⋆)(DJ · C⋆)(DK · C⋆) . (2.32)
As long as the curves C˜i have positive volume, they support N charged hy-
permultiplets with finite mass proportional to h˜⋆ = −h⋆ > 0. For energy
scales below this mass we can use the standard LEEA S˜, obtained by dimen-
sional reduction on X˜ , whose vector multiplet sector is determined by the
C˜IJK . The actions S and S˜ do not become singular in the limit h
⋆ → 0.8
Therefore one can in principle avoid to include the extra light modes and
instead consider the coefficients CIJK as piecewise constant functions, which
are discontinuous at the transition locus.
However, a complete low energy description in the vicinity of the bound-
ary requires that we work with an extended LEEA, Sˆ, which contains the
transition states explicitly. The vector multiplet sector of Sˆ is completely
8This is different in four dimensions, where the gauge couplings receive threshold correc-
tions which depend logarithmically on the mass of the charged states which are integrated
out. Therefore the actions S and S˜ become singular at the transition locus and the use of
an extended action Sˆ is indispensable. See [18] for an explicit example.
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determined by the coefficients CˆIJK of its prepotential, which we would like
to determine in terms of the CIJK. To find this relation one notes that there
is an intermediate regime, where the transition states have small, but non-
vanishing masses. Here both the actions Sˆ and S (or S˜) are valid. Therefore
one can relate Sˆ to S (or S˜) by integrating out the transition states. In the
vector multiplet sector this can be done exactly. This result of [2] can be
brought to a suggestive form by writing the CˆIJK as ‘averaged triple inter-
section numbers’ [17],
CˆIJK =
1
2
(
CIJK + C˜IJK
)
, (2.33)
where CIJK and C˜IJK are related by (2.32). The change CIJK → C˜IJK
can be viewed as a threshold effect resulting from integrating in the extra
hypermultiplets at h⋆ > 0, continuing to h⋆ < 0 and then integrating them
out again. We remark that it does not make sense to use the extended action
Sˆ far away from the flop line, where the transition states have a considerable
mass, because the full M-theory contains many other massive states which
are not included in Sˆ. Moreover, there are additional boundaries of the
Ka¨hler cones of X and X˜ , where some other states become massless.
So far we have seen that the vector multiplet sector of Sˆ can be determined
exactly. In the hypermultiplet sector, however, one has the problem that it
is very hard to compute the quaternion-Ka¨hler metric onMHM using string
or M-theory. The main result of this paper is that one can find a gauged
supergravity action with N charged hypermultiplets which at least has all
the qualitative properties required of Sˆ. This derivation will be the subject
of the sections 3 – 5.
Let us conclude with some remarks. For CY threefolds constructed using
toric methods, the basic two-cycles CI can be chosen such that the Ka¨hler
cone of X is given by hI > 0 [40]. We will call this the ‘adapted parametriza-
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tion’. Then the collapse of a curve at the boundary hJ = 0 is described by
setting qI = δIJ in the above formulae. This leads to some simplifications, as
we have h⋆ = hJ , C⋆ = CJ , A⋆µ = A
J
µ, etc. We will not assume the existence
of such a parametrization in our general discussions, and only use it in the
particular example introduced in the next subsection.
There are also other types of singularities which can occur at the bound-
aries of the Ka¨hler cone. The only other cases involving finitely many transi-
tion states are the type III contractions, which lead to SU(2) gauge symmetry
enhancement. In this case one also finds a relation of the form (2.33) between
the vector multiplet sectors of the effective actions S, Sˆ and S˜ [17]. Since for
both type I and type III contractions there is an underlying Z2-action on the
Ka¨hler cone, we will refer to (2.33) as the ‘orbit sum rule’. Type II contrac-
tions give rise to tensionless strings, which implies that there are infinitely
many additional light states. The so-called cubic cone corresponds to sit-
uations where the volume of X goes to zero. In these two cases there are
no analogues of Sˆ in the framework of five-dimensional gauged supergravity.
Note, however, that when considering type II string theory on the same CY
threefold, these boundaries correspond to the non-geometric phases.
2.4 The F1-model
We will now consider an explicit example of a CY threefold X with a flop
transition involving a single isolated holomorphic curve. In this case one
charged hypermultiplet becomes massless at the transition locus. The corre-
sponding CY space is known as the ‘elliptic fibration over the first Hirzebruch
surface’, or F1-model for short, and all its relevant properties can be found in
[41, 42]. The extended Ka¨hler cone of X consists of two Ka¨hler cones which
were called regions II and III in [42]. In terms of adapted parametrizations,
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hI > 0 and h˜I > 0, the prepotentials (2.3) of these regions are given by [41]9
VII =6(h0)3 + 9(h1)3 + 27(h0)2h1 + 27h0(h1)2 + 9(h0)2h2 + 9(h1)2h2
+ 3h0(h2)2 + 3h1(h2)2 + 18h0h1h2 = 1 ,
(2.34)
and
VIII = 8(h˜0)3 + 9(h˜0)2h˜1 + 3h˜0(h˜1)2 + 6(h˜0)2h˜2 + 6h˜0h˜1h˜2 = 1 , (2.35)
respectively. The transition locus is given by h1 → 0 and h˜2 → 0, respec-
tively.
To analyze the transition it is convenient to introduce variables T, U,W ,
which can be used in both regions. They are given by
61/3h0 = W , 61/3h1 = U −W , 61/3h2 = T − 3
2
U ,
61/3h˜0 = U , 61/3h˜1 = T − 1
2
U −W , 61/3h˜2 = W − U .
(2.36)
These formulae also encode the mutual relation between the adapted vari-
ables hI and h˜I . In terms of T, U,W , the prepotentials (2.34) and (2.35)
become
VII =3
8
U3 +
1
2
UT 2 − 1
6
W 3 = 1 ,
VIII = 5
24
U3 +
1
2
U2W − 1
2
UW 2 +
1
2
T 2U = 1 .
(2.37)
The flop line is located at U = W . Comparing these prepotentials, we find
that they differ by
VII − VIII = 1
6
(U −W )3 . (2.38)
This discontinuity in the triple intersection numbers CIJK exactly matches
the contribution arising from integrating out one charged hypermultiplet [2].
We now describe the vector multiplet moduli space corresponding to these
regions. For this purpose we solve the constraints (2.37) for T , taking U
9Note that the tI appearing in [41, 42] are related to the hI by hI = 6−1/3tI+1.
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Figure 1: Comparison between the vector multiplet scalar manifolds in the Out- (LHS)
and In-picture (RHS). The gray line labeled “flop” indicates the locus of the flop transition,
U = W . The “b1”, “b2”, “b3” and “b4” denote the other boundaries of the scalar manifolds.
The location of these boundaries is different in the Out- and In-picture.
and W as independent scalar fields which parametrize the vector multiplet
scalar manifolds of the regions II and III. These regions are shown in the
first diagram of Fig. 1. Besides the flop line, this diagram displays addi-
tional boundaries labeled “b1”, “b2”, “b3” and “b4”, which have the following
meaning:
• The boundary b1 corresponds to h˜0 → 0. The metric on the Ka¨hler
cone has an infinite eigenvalue. In the full Ka¨hler cone this limit corre-
sponds to the CY volume becoming zero. However, the vector multiplet
manifold of the five-dimensional supergravity theory corresponds to a
hypersurface of the Ka¨hler cone, obtained by keeping the total volume
constant. In this subspace the singularity takes a different form: while
some two-cycles collapse, others diverge, such that the total volume
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remains at a fixed finite value [9].
• The boundaries b2 and b3 correspond to h0 → 0 and h2 → 0, respec-
tively. Here the metric on the Ka¨hler cone degenerates and has a zero
eigenvalue. In the microscopic picture a surface is contracted to a point
and one obtains tensionless strings. Furthermore, the line h0 → 0 is the
fixed volume section of the Ka¨hler cone arising from the elliptic fibra-
tion over CP2. Since one divisor has been blown down, this space has
one Ka¨hler modulus less. This boundary component has been called
region I in [42].
• The b4 boundary corresponds to h˜1 → 0. The metric on the Ka¨hler
cone is regular. At this boundary one obtains SU(2)-enhancement.10
We now construct the vector multiplet scalar manifold for the In-picture
Lagrangian. The corresponding prepotential is determined by the orbit sum
rule (2.33). Taking the average of the prepotentials VII and VIII , one finds
Vˆ =1
2
(VII + VIII)
=
7
24
U3 +
1
2
UT 2 − 1
12
W 3 +
1
4
U2W − 1
4
UW 2 = 1 .
(2.39)
In order to get the metric gxy on the vector multiplet scalar manifold we
take U and W as the vector multiplet scalar fields: φx = U,W . Solving the
constraint for T , we obtain
T (U,W ) =
1
2
(
24− 7U3 + 2W 3 − 6U2W + 6UW 2
3U
)1/2
. (2.40)
Using the definitions (2.4) and (2.6) it is straightforward to compute the
10This boundary is one of the models where the corresponding In-picture Lagrangian
has been worked out in [17].
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metric gxy in the In-picture,
gxy =

 gUU gWU
gWU gWW

 . (2.41)
Abbreviating
K := 24− 7U3 + 2W 3 − 6U2W + 6UW 2 , (2.42)
the entries of this matrix are given by
gUU =
1
8U2K
(
144− 6W 4U2 + 48UW 2 + 4W 5U − 72U2W
−14U3W 3 − 17U4W 2 − 168U3 + 24W 3 +W 6
)
,
gWU =
1
8U K
(
24UW − 36U2 − 12W 2 −W 5 − 4W 4U (2.43)
+6U2W 3 + 14U3W 2 + 17U4W
)
,
gWW =
1
8K
(
48(U +W ) + 4UW 3 − 6U2W 2 − 14U3W +W 4 − 17U4) .
The corresponding vector multiplet scalar manifold is shown in the second
diagram of Fig. 1. Besides the flop line at U = W where the metric is regular,
this diagram shows two additional boundaries, labeled “b1” and “b2”. These
have the following meaning:
• The boundary b1 corresponds to U → 0. Here the metric (2.41) has an
infinite eigenvalue.
• At the boundary b2 the metric gxy degenerates and has a zero eigen-
value.
Comparing the two diagrams shown in Fig. 1, we find that the boundaries of
the vector multiplet scalar manifolds in the Out- and the In-picture are not
precisely the same. As explained above, the In-picture LEEA can only be
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expected to capture the low energy dynamics of M-theory in the vicinity of
the flop line U = W . In particular, the dynamics near the other boundaries of
the Ka¨hler cone is dominated by other states which become light. Therefore
it is not clear how to interpret the behavior of the In-picture LEEA far
away from the flop line and especially at the boundaries in terms of M-
theory physics. Nevertheless, the scalar manifold characterized by (2.41)
and depicted in Fig. 1 defines a consistent supergravity action which can be
studied in its own right.
3 The hypermultiplet target manifolds
Let us now come to our main issue, the construction of a family of hypermul-
tiplet target manifolds, which can be used to describe the transition states
occurring in a flop transition. In this course we will not attempt to derive
these manifolds directly from M-theory, but use the Wolf spaces (1.1). In
order to find the explicit LEEA we need to know the metrics, the Killing
vectors, and the moment maps of these spaces explicitly. As already men-
tioned, the Wolf spaces also happen to be Ka¨hler, so that one can derive
the metric and the Killing vectors from the corresponding Ka¨hler poten-
tial. However, the structure relevant for the gauging of isometries is the
quaternionic structure, as the scalar potential depends on the moment maps
of the Killing vectors, which form a triplet under the SU(2) related to the
quaternionic structure. Therefore we will construct these objects from the
corresponding quantities on the associated hyper-Ka¨hler cone using the su-
perconformal quotient construction [31, 32, 33]. This method can be applied
to any quaternion-Ka¨hler space.
The construction of the Wolf spaces (1.1) has been described in [31] but
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explicit formulae for the metric have only been given for X(1). The gen-
eral form of the Killing vectors of X(N + 1) has been obtained in [32]. In
this section we will derive explicit formulae for the metrics, Killing vectors,
and moment maps of all these spaces, while in the next sections we demon-
strate that the resulting parametrization is extremely useful for including the
transition states in the LEEA.
Before considering the particular family (1.1) of quaternion-Ka¨hler spaces,
let us briefly explain the underlying method. From the physical point of
view the basic idea is to construct theories with Poincare´ supersymmetry
as gauge-fixed versions of superconformal theories. In the case at hand one
starts with a theory of n = N + 2 hypermultiplets11 invariant under rigid
superconformal transformations. The corresponding hypermultiplet mani-
fold MSCHM is a hyper-Ka¨hler cone, i.e., it is hyper-Ka¨hler and, in addition,
possesses a homothetic Killing vector χa satisfying Daχ
b = δ ba . This implies
that the hyper-Ka¨hler metric gab of MSCHM has a hyper-Ka¨hler potential χ,
with χa = Daχ and gab = DaDbχ. Moreover, MSCHM is a cone over a so-called
tri-Sasakian manifold with radial coordinate r =
√
2χ. Superconformal in-
variance also implies that by multiplying the homothety χa with the SU(2)
triplet of complex structures ~J = [J+, J−, J3] ofMSCHM one obtains an SU(2)
triplet of Killing vectors,
~ka = ~Jabχ
b . (3.1)
Using the superconformal calculus, the rigid superconformal theory can be
coupled to conformal supergravity and thus be promoted to a locally super-
conformal theory. This theory is gauge-equivalent to a theory of n − 1 hy-
permultiplets coupled to Poincare´ supergravity. In this reinterpretation one
of the hypermultiplets becomes dependent on the other fields and acts as a
11For notational convenience we have set N + 1 = n− 1.
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compensator. Geometrically this gauging corresponds to performing a super-
conformal quotient ofMSCHM with respect to the four conformal Killing vector
fields χa, ~ka. The resulting hypermultiplet manifold MHM of the Poincare´
supergravity theory is quaternion-Ka¨hler. In fact every quaternion-Ka¨hler
manifold can be obtained by this construction from its associated hyper-
Ka¨hler cone [30].
The construction of the Wolf spaces X(n − 1) which have dimension
dim
R
(X(n − 1)) = 4(n − 1) proceeds in several steps. First one needs to
obtain the hyper-Ka¨hler cone H(2n) associated with the space X(n − 1).
In [31] this cone has been constructed as the hyper-Ka¨hler quotient [43]
of flat C(2n+2) with respect to a particular tri-holomorphic U(1) isometry.
Then the superconformal quotient is taken in two steps. First one quotients
H(2n) by the homothetic Killing vector χa and the Killing vector k3 = [k3a]
corresponding to the Cartan direction of the SU(2) isometry group. This
quotient is a standard Ka¨hler quotient [44]. The resulting space is the twistor
space Z(2n−2) over X(n − 1). In the second step one quotients Z(2n−2) by
the remaining Killing vectors k+ and k−. The isometry (3.1), however, is
only holomorphic and not tri-holomorphic. This implies that at the level of
the twistor space, k+ and k− are isometries up to SU(2) rotations. In order
to obtain well defined quantities on the quaternion-Ka¨hler manifold one has
to include a compensating SU(2) transformation. For convenience we have
summarized all spaces appearing in this construction in Table 1.
The rest of this section is organized as follows. In subsection 3.1 we
start with flat C(2n+2) and construct the metric on X(n − 1). The result is
given in eqs. (3.32) and (3.33). In subsection 3.2 we construct the Killing
vectors of this metric and their tri-holomorphic moment maps. These are
given in eq. (3.44) and (3.47), respectively. In subsection 3.3 we use these
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symbol space dim
R
coordinates
C
(2n+2) flat complex space 4n+ 4
{
zI+, z¯
I
+, z−I , z¯−I
}
H(2n) HKC over X(n− 1) 4n {z′ a+ , z¯′ a+ , z′−a, z¯′−a}
Z(2n−1) twistor space 4n− 2 {vi, v¯i, ui, u¯i, ζ, ζ¯}
X(n− 1) Wolf space 4n− 4 {vi, v¯i, ui, u¯i}
Table 1: Summary of the spaces appearing in the quotient construction of the unitary
Wolf spaces X(n− 1). The index ranges are given by I = 1, . . . , n+ 1 , a = 1, . . . , n and
i = 1, . . . , n− 1.
general results to explicitly construct the Cartan subgroup of the isometry
group of X(2). This is needed to construct the gauged LEEA for the model
introduced in subsection 2.3. In subsection 3.4 we establish the relation
between the quantities constructed in this section and the conventions of
the gauged supergravity Lagrangian (2.1). A reader not interested in the
technical details of this section may adopt the main results and directly
proceed to section 4.
3.1 The metrics of the Wolf spaces X(n− 1)
The starting point: flat complex space C(2n+2)
We start our construction by considering C(2n+2) with complex coordinates
zI+, z−I , where I = 1, . . . , n + 1. The metric is taken to be Ka¨hler with the
Ka¨hler potential
χ(2n+2) := ηIJ¯ z
I
+ z¯
J¯
+ + η
IJ¯ z−I z¯−J¯ . (3.2)
Here ηIJ¯ = diag [−, . . . ,−,+,+] has indefinite signature (p, q) with p = n−1
negative and q = 2 positive eigenvalues, and ηIJ¯ is its inverse. This signa-
ture of η ensures that the space obtained from the quotient construction is
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of non-compact type, as required by supergravity. Later on the coordinates
associated with the negative eigenvalues of η will play the role of the hyper-
multiplet scalars, while the coordinates with the positive eigenvalues act as
gauge compensators.
We now promote C(2n+2) to a hyper-Ka¨hler manifold. For this purpose
we introduce the coordinates xI˜ :=
{
zI+, z¯
I¯
+, z−I , z¯−I¯
}
, with I˜ = 1, . . . , 4n+4.
With respect to these coordinates, the SU(2) triplet of complex structures
is taken to be:
J1I˜
J˜
=


0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0

 , J
2I˜
J˜
=


0 0 0 i1
0 0 −i1 0
0 −i1 0 0
i1 0 0 0

 ,
J3I˜
J˜
=


i1 0 0 0
0 −i1 0 0
0 0 i1 0
0 0 0 −i1

 . (3.3)
Here the entries are (n + 1) × (n + 1) dimensional block matrices and 1
denotes the corresponding unit matrix. These complex structures satisfy
the quaternionic algebra JrJs = −1δrs + ǫrstJ t, with r, s, t = 1, 2, 3 being
the SU(2) index. The complex coordinates zI+, z¯
I¯
+, z−I and z¯−I¯ are defined
with respect to the canonical complex structure J3. The Ka¨hler metric gI˜J˜
derived from (3.2) is hermitian with respect to all three complex structures,
g(Jr ·, Jr ·) = g(· , ·).
Instead of working with the basis (3.3), it is more convenient to use J± :=
1
2
(J1 ± iJ2), since quantities defined with respect to this basis will turn out
to be (anti-)holomorphic with respect to J3. From these complex structures
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we obtain the following SU(2) triplet of Ka¨hler forms:
ω3 = −i ηIJ¯ dzI+ ∧ dz¯J¯+ − i ηIJ¯ dz−I ∧ dz¯−J¯ ,
ω+ = dzI+ ∧ dz−I , ω− = ω¯+ . (3.4)
Their components are given by
Ω3
I˜ J˜
= gI˜K˜ J
3K˜
J˜
, Ω+
I˜ J˜
= gI˜K˜ J
+K˜
J˜
and Ω−
I˜K˜
= Ω¯+
I˜K˜
, (3.5)
respectively. Here the “bar” denotes complex conjugation with respect to
J3.
Let us now consider the linear action of the U(n−1, 2) isometry subgroup:
zI+ → U IJ zJ+ , z−I →
(
U−1
)J
I
z−J . (3.6)
With respect to this isometry, the zI+ coordinates transform in the funda-
mental representation of U(n− 1, 2), while the z−I transform in the complex
conjugate representation. Using U¯ I¯
J¯
= ηI¯K (U−1)NK ηNJ¯ one finds that the
Ka¨hler potential (3.2) is invariant under this transformation. In principle
the isometry group of (3.2) contains additional generators. But since these
do not descend to tri-holomorphic isometries of the hyper-Ka¨hler cone H(2n)
they do not give rise to isometries of X(n− 1),12 and will not be considered
here.13
The Killing vectors of the linearized isometries are given by
kI+α = i t
I
α J z
J
+ , k−αI = −i t Jα I z−J . (3.7)
12The coset formulation of X(n− 1) indicates that the full isometry group of X(n− 1)
is given by SU(n − 1, 2). In our approach this SU(n − 1, 2) arises from the U(n − 1, 2)
above modulo the U(1) gauged in the hyper-Ka¨hler quotient.
13The fact that only tri-holomorphic isometries give rise to isometries of the quaternion-
Ka¨hler space has been observed in [31].
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Here α numerates the n(n+2)+1 generators of U(n−1, 2), t Iα J . To simplify
our notation we will drop the index α in the following. The action of these
Killing vectors is tri-holomorphic, i.e., the Lie derivative with respect to
k satisfies LkJr = 0 for all three complex structures (3.3). This implies
in particular that the Killing vectors are holomorphic with respect to J3.
Hence we can obtain their components with respect to z¯I¯+ and z¯−I¯ by complex
conjugation of kI+ and k−I , respectively.
The condition that the vectors k are Killing, Lkg = 0, as well as tri-
holomorphic implies that they are Hamiltonian, Lkωr = 0. The last state-
ment provides the integrability condition for the moment maps associated
with these isometries. They are obtained as the solution of the equation
∂µr
∂xI˜
:= Ωr
I˜J˜
kJ˜ , (3.8)
where r = +,−, 3. Substituting the Killing vectors (3.7) and the Ka¨hler
forms (3.5), these equations are easily integrated and yield:
µ3 = −z¯J¯+ ηJ¯I tIK zK+ + z−I tIJ ηJK¯ z¯−K¯ ,
µ+ = −i z−I tIJ zJ+ , µ− = µ¯+ . (3.9)
Here we omitted the constants of integration, which, in principle, could give
rise to Fayet-Iliopoulous terms. Since these terms appear in neither the
superconformal theory defined on the level of the hyper-Ka¨hler cone nor in
the D = 5 supergravity action reviewed in subsection 2.1, the moment maps
(3.9) will give rise to the most general moment maps compatible with the
action (2.1).
The hyper-Ka¨hler quotient construction of H(2n)
We now perform the hyper-Ka¨hler quotient construction of H(2n) by taking
the quotient of C(2n+2) with respect to the U(1) isometry which acts on zI+
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and z−I by opposite phase transformations. The infinitesimal generator of
this isometry is given by tIJ = δ
I
J . Substituting this generator into (3.9) we
find:
µ3 = −ηIJ¯ zI+ z¯J¯+ + ηIJ¯ z−I z¯−J¯ , µ+ = −i zI+ z−I , µ− = µ¯+ . (3.10)
The quotient is performed by first introducing U(1) invariant coordinates z′ I+ ,
z′− I onC
(2n+2) and substituting these into the moment maps (3.10). We then
set the resulting moment maps to zero and solve these constraints in terms
of z′ n+1+ , z
′
−n+1 and their complex conjugates. The remaining unconstrained
coordinates z′ a+ , z
′
−a with a = 1, . . . , n provide coordinates on H(2n). In
practice, we choose the primed coordinates as
z′I+ :=
zI+
zn+1+
, z′−I := z−I z
n+1
+ . (3.11)
In terms of these coordinates the moment maps (3.10) become
µ3 = −ηIJ¯ z′I+ z¯′J¯+
(
z¯n+1+ z
n+1
+
)
+ ηIJ¯ z′−I z¯
′
−J¯
(
z¯n+1+ z
n+1
+
)−1
,
µ+ = −i z′I+ z′−I , µ− = µ¯+ . (3.12)
Setting the moment maps to zero and solving the resulting constraints in
terms of z′ n+1+ , z
′
−n+1 and their complex conjugates yields
(
z¯n+1+ z
n+1
+
)
=
(
ηIJ¯ z′−I z¯
′
−J¯
ηIJ¯ z
′I
+ z¯
′J¯
+
)1/2
, z′ n+1+ = 1 , z
′
−n+1 = − z′ a+ z′−a .
(3.13)
Substituting the new coordinates (3.11) into the Ka¨hler potential (3.2)
and performing the gauge fixing gives the Ka¨hler potential for the metric on
H(2n):
χH(za+, z¯
a
+, z−a, z−a) = 2χ+ χ− . (3.14)
Here we introduced
χ+ :=
(
ηIJ¯ z
′ I
+ z¯
′ J¯
+
)1/2
, χ− :=
(
ηIJ¯ z′−I z¯
′
−J¯
)1/2
, (3.15)
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where it is understood that we have performed the gauge fixing (3.13).
In view of the later steps in the construction we also calculate ω+H. Sub-
stituting the primed coordinates into (3.4) and performing the gauge fixing
gives
ω+H = dz
′ a
+ ∧ dz′−a . (3.16)
The superconformal quotient: Going to twistor space Z(2n−1)
We now descend to the twistor space Z(2n−1). Here we follow [31] and intro-
duce the coordinates
z′−i = e
2z ui , z
′
−n = e
2z , i = 1, . . . , n− 1 . (3.17)
We next single out another coordinate, ζ , which will be gauged when going
to X(n− 1). To this end, we substitute the coordinates (3.17) into ω+H given
in eq. (3.16):
ω+Z = e
2z
(
2 dz′ n+ + 2 ui dz
′ i
+
) ∧ dz + e2z dz′ i+ ∧ dui . (3.18)
Following the general construction of the superconformal quotient, the com-
ponents of this 2-form should be compared to
Ω+
a˜b˜
(
u, z, z′+
)
= e2z

 ωı˜˜(u, z′+) Xı˜(u, z′+)
−X˜(u, z′+) 0

 . (3.19)
From this comparison, we obtain the explicit form of Xı˜:
Xı˜ =

 0 , . . . , 0︸ ︷︷ ︸
(n−1)times
, 2 u1 , . . . , 2 un−1 , 2


T
. (3.20)
We then determine ζ by first finding a Y ı˜, subject to Xı˜Y
ı˜ = 1 and inde-
pendent of the coordinates z′ a+ , ui, z. The coordinate ζ is obtained as the
solution of the differential equation
Y ı˜
∂
∂z ı˜
=
∂
∂ζ
. (3.21)
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Choosing Y ı˜ = [0, . . . , 0, 1/2], which is natural but not unique, we find ζ =
2z′ n+ . This motivates to introduce
z′ i+ = v
i , z′ n+ =
1
2
ζ . (3.22)
The vi, ui, ζ and their complex conjugates then provide coordinates on the
twistor space Z(2n−1). In order to obtain the Ka¨hler potential of Z(2n−1) we
first substitute these new coordinates into χ+ and χ−:
χ+ =
(
1 + ηi¯ v
iv¯¯ +
1
4
ζ ζ¯
)1/2
,
χ− = ez+z¯
(
1 + ηi¯ uiu¯¯ +
(
viui +
1
2
ζ
)(
v¯ ı¯ u¯ı¯ +
1
2
ζ¯
))1/2
. (3.23)
The Ka¨hler potential of Z(2n−1), K(v, u, ζ, v¯, u¯, ζ¯), can be deduced by
comparing χH given in (3.14) to the following expression:
χH = ez+z¯+K(v,u,ζ,v¯,u¯,ζ¯) . (3.24)
From this we read off
K(v, u, ζ, v¯, u¯, ζ¯) = ln (χ+) + ln (χ−) + ln (2) , (3.25)
where χ+ and χ− are taken at z = 0.
In order to calculate the SU(2) compensators appearing in the construc-
tion of the metric of X(n− 1), we also need ω+Z in terms of the coordinates
vi, ui, z, ζ . By substituting these coordinates into (3.18) we obtain
ω+Z = e
2z
(
dζ + 2 ui dv
i
) ∧ dz + e2z dvi ∧ dui . (3.26)
The superconformal quotient: The metric on X(n− 1)
We now descend to the quaternion-Ka¨hler space X(n− 1) by setting ζ = 0.
The Ka¨hler potential K becomes
K(u, v, 0, u¯, v¯, 0) =
1
2
ln (φ+) +
1
2
ln (φ−) + ln (2) , (3.27)
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where we introduced
φ+ := 1 + ηi¯ v
iv¯¯ , φ− := 1 + ηi¯ uiu¯¯ +
(
viui
)
(v¯ ı¯ u¯ı¯) . (3.28)
However, since ζ is not parallel to the Killing vector k+ given in (3.1), the
condition ζ = 0 is not preserved. In order to obtain the metric Gαβ¯ on
X(n − 1) we need to include an additional compensating transformation.
Explicitly we have
Gαβ¯ = Kαβ¯ − e−2K Xα X¯β¯ , (3.29)
where Kαβ¯ is the Ka¨hler metric obtained from (3.27) and α = 1, . . . , 2n− 2
enumerates the coordinates {v1, . . . , vn−1, u1, . . . , un−1}. In order to deter-
mine the explicit from of the Xα appearing in the compensating transforma-
tion, we compare the components of ω+Z given in (3.26) to the general form
of ω+Z given in [31]:
Ω+ab = e
2z


ωαβ(v, u) 0 Xα(v, u)
0 0 1
−Xβ(v, u) −1 0

 . (3.30)
From this we read off
Xα =

 2 u1 , . . . , 2 un−1 , 0 , . . . , 0︸ ︷︷ ︸
(n−1) times


T
. (3.31)
Having all these ingredients at hand, we can now write down the metric
(3.29) explicitly. Arranging our indices as X, Y = {vi, v¯ ı¯, ui, u¯ı¯} the compo-
nents of Gαβ¯ can be read off from the following matrix:
GXY =


0 Gvv¯ 0 Gvu¯
Gv¯v 0 Gv¯u 0
0 Guv¯ 0 Guu¯
Gu¯v 0 Gu¯u 0

 . (3.32)
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The entries of this matrix are given by
Guiu¯¯ =
1
2φ−
(
ηi¯ + v¯¯ vi
)− 1
2φ2−
(
η¯lul + v¯
¯
(
vlul
)) (
ηil¯u¯l¯ + v
i
(
v¯ l¯u¯l¯
))
,
Gv¯ı¯uj =
1
2φ2−
(
u¯ı¯v
j
(
1 + ηkl¯uku¯l¯
)
− u¯ı¯ηjl¯u¯l¯
(
vlul
))
, (3.33)
Gviv¯¯ =
1
2φ+
ηi¯ − 1
2φ2+
(
ηil¯ v¯
l¯
) (
η¯l v
l
) − 1
φ+φ−
uiu¯¯
+
1
2φ−
ui u¯¯ − 1
2φ2−
ui u¯¯
(
vl ul
)(
v¯ l¯u¯l¯
)
.
The other non-vanishing entries of the matrix can be obtained from the
relations Gviv¯¯ = Gv¯¯vi , Guiu¯¯ = Gu¯¯ui, Gviu¯¯ = Gu¯¯vi and Gviu¯¯ =
(
Gv¯ı¯uj
)∗
,
where “∗” denotes complex conjugation.
These results provide metrics of X(n− 1), which obviously are hermitian
but not Ka¨hler with respect to J3. In fact the holomorphic assignments in
(3.33) are adapted to the quaternionic structure, which cannot be used to
define a Ka¨hler potential. However, there must be a non-holomorphic coor-
dinate transformation which brings the metric given above into its standard
Ka¨hler form [28].
To conclude this subsection, let us comment on the special case n = 2,
which corresponds to the universal hypermultiplet. In this case the index
i has only a single value and may be omitted. Setting ηi¯ = η11¯ = −1 the
general metric (3.33) simplifies to
Guu¯ = − 1
2φ2−
(1− vv¯) ,
Guv¯ =
1
2φ2−
u¯v , (3.34)
Gvv¯ = − 1
2φ2+ φ
2−
(
1− uu¯ (1− vv¯)2) .
This is exactly the metric for the universal hypermultiplet derived in [31].
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3.2 The isometries of the Wolf spaces X(n− 1)
After obtaining the metric on X(n−1), we will now derive the second ingre-
dient needed in the construction of the LEEA and derive the Killing vectors
and moment maps of the unitary Wolf spaces. We follow the calculation of
[32] and extend these results.
The Killing vectors of flat C(2n+2) are given in (3.7). In order to find
the Killing vectors on the hyper-Ka¨hler cone H(2n) we perform a coordinate
transformation to the primed coordinates (3.11). The resulting Killing vec-
tors read:
k′a+ = i t
a
I z
′I
+ − i z′a+ tn+1I z′I+ , k′−a = i z′−a tn+1I z′ I+ − i tIa z′−I . (3.35)
Here we have implicitly performed the gauge fixing (3.13).
To obtain the Killing vectors on X(n − 1) we first transform (3.35) into
the coordinates vi, ui, z, ζ given by
z′ i+ = v
i , z′ n+ =
1
2
ζ , z′−i = e
2z ui , z
′
−n = e
2z . (3.36)
Fixing ζ = 0, the resulting vectors kα read:
kv
i
= i ti j v
j + i tin+1 − i vi tn+1j vj − i vi tn+1n+1 ,
kζ = 2 i
(
tni v
i + tnn+1
)
,
kz =
i
2
(
tn+1i v
i + tn+1n+1 − tin ui − tnn + tn+1n vi ui
)
,
kui = i ui
(
tn+1j v
j + tn+1n+1
)− i tjiuj − i tni + i tn+1i (vj uj)− 2 ui kz .
(3.37)
However, these vectors do not preserve the gauge ζ = 0. In order to get
the Killing vectors kˆα on X(n − 1) we have to implement an additional
compensating transformation, which is given by [32]:
kˆα = kα − X
α
Xζ
kζ . (3.38)
36
According to [31], Xα, Xζ can be determined from the equations
Xα =
(
ωˆαβKβ + Z
αKζ
)
e2K , Xζ = (1− ZαKα) e2K , (3.39)
with ωˆαβ and Zα given by
ωˆαγωγβ = −δαβ , Zα = − ωˆαβXβ . (3.40)
Here K is the Ka¨hler potential (3.25), Kα and Kζ denote its derivative with
respect to vi, ui and ζ , respectively, and Xα is given in (3.31). The ωαβ
is determined by comparing ω+Z given in (3.26) with the general expression
(3.30) and ωˆαβ is obtained from eq. (3.40). Explicitly, we find
ωαβ =

 0 1
−1 0

 , ωˆαβ =

 0 1
−1 0

 , (3.41)
where 1 denotes the n − 1-dimensional unit matrix. Substituting Xα into
(3.40) gives
Zα =

 0 , . . . , 0︸ ︷︷ ︸
n−1 times
, 2 u1 , . . . , 2 un−1


T
. (3.42)
With these results at hand, it is now straightforward to write down the
explicit form of the compensating transformation appearing in (3.38):
Xv
i
Xζ
=
1
2
(
ηi¯ u¯¯ + v
i (v¯¯u¯¯)
)
,
Xui
Xζ
= − φ−
2φ+
ηi¯ v¯
¯ . (3.43)
The Killing vectors of X(n− 1) then read:
kˆv
i
= i ti j v
j + i tin+1 − i vi tn+1j vj − i vi tn+1n+1 −
kζ
2
(
ηi¯u¯¯ + v
i v¯k¯u¯k¯
)
,
kˆui = i ui
(
tn+1jv
j + tn+1n+1
)− i tji uj − i tni + i tn+1i (vj uj) (3.44)
−2ui kz + φ−
2φ+
kζ ηi¯ v¯
¯ .
Here kζ and kz are given in (3.37).
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We will now derive the moment maps associated with these Killing vec-
tors, starting from the moment maps on flat C(2n+2) given in (3.9). Rewriting
them in terms of the primed coordinates, the corresponding moment maps
on H(2n) are:
µ3 = − 2
χ(2n)
(
χ2− z¯
′I¯
+ ηI¯Jt
J
K z
′K
+ − χ2+ z′−K tKJ ηJI¯ z¯′−I¯
)
,
µ+ = − i z′−I tIJ z′J+ , µ− = µ¯+ .
(3.45)
Again, it is understood that these expressions implicitly contain the gauge
fixing (3.13).
In [32] it was found that the moment maps on the hyper-Ka¨hler cone, µr,
and the moment maps on the underlying quaternion-Ka¨hler manifold, µˆr,
are related by
µ3 = χ(2n) µˆ
3 , µ+ = ez−z¯ χ(2n) µˆ+ , µˆ− = ¯ˆµ+ . (3.46)
Substituting in the coordinate transformation (3.36) and gauging ζ = 0, we
obtain the following expression for the moment maps on X(n− 1):
µˆ3 = − 1
2φ+
{
v¯ ı¯ ηı¯j t
j
k v
k + tn+1i v
i + v¯¯ η¯i t
i
n+1 + t
n+1
n+1
}
(3.47)
+
1
2φ−
{
ui t
i
j η
jk¯ u¯k¯ + ui t
i
n + t
n
i η
i¯ u¯¯ + t
n
n −
(
ui t
i
n+1 + t
n
n+1
)
(u¯ı¯v¯
ı¯)
− (tn+1i ηi¯ u¯¯ + tn+1n) (ukvk)+ tn+1n+1 (ui vi) (u¯¯v¯¯)} ,
µˆ+ = − i
2φ
1/2
+ φ
1/2
−
{
ui t
i
j v
j + tnj v
j − tn+1i vi
(
uj v
j
)
+ ui t
i
n+1
+tnn+1 − tn+1n+1
(
ui v
i
) }
.
This result completes the derivation of the Killing vectors and moment maps
of X(n−1). Together with the metric (3.32) we now have all the ingredients
for modeling the hypermultiplet sector of our In-picture LEEA.
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3.3 Examples of Isometries on X(2)
Before we embark upon this construction, we will use our general results
(3.44) and (3.47) to explicitly calculate the Killing vectors and moment maps
of the Cartan subgroup of the isometry group on X(2), SU(2, 2). As it will
turn out in the next section, this information already suffices to construct
the In-picture Lagrangian for the model introduced in subsection 2.3.
We choose the three Cartan generators of SU(2, 2) as
C1 =
1
2
diag [ 1 , −1 , 0 , 0 ] ,
C2 =
1
2
diag [ 0 , 0 , 1 ,−1 ] , (3.48)
C3 =
1
2
√
2
diag [ 1 , 1 , −1 ,−1 ] .
Substituting these matrices into the expression for a generic Killing vector
on X(2) (3.44), we find:
k1 =
i
2
[
v1,−v2,−v¯1, v¯2,−u1, u2, u¯1,−u¯2
]T
,
k2 =
i
2
[
v1, v2,−v¯1,−v¯2, u1, u2,−u¯1,−u¯2
]T
, (3.49)
k3 =
i√
2
[
v1, v2,−v¯1,−v¯2,−u1,−u2, u¯1, u¯2
]T
.
Here the index α in kα enumerates the Cartan generators. The components
of the Killing vectors are given with respect to the basis
{∂v1 , ∂v2 , ∂v¯1 , ∂v¯2 , ∂u1 , ∂u2 , ∂u¯1, ∂u¯2} . (3.50)
When gauging these isometries, we also need the triplet of moment maps
corresponding to the Killing vectors. These are obtained by evaluating eq.
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(3.47) for the generators (3.48). The resulting moment maps are:
µˆ1 =


− i
4φ
1/2
+ φ
1/2
−
(v1u1 − v2u2 − v¯1u¯1 + v¯2u¯2)
− 1
4φ
1/2
+ φ
1/2
−
(v1u1 − v2u2 + v¯1u¯1 − v¯2u¯2)
1
4φ+
(v¯1v1 − v¯2v2)− 1
4φ
−
(u¯1u1 − u¯2u2)

 ,
µˆ2 =


− i
4φ
1/2
+ φ
1/2
−
(v1u1 + v
2u2 − v¯1u¯1 − v¯2u¯2)
− 1
4φ
1/2
+ φ
1/2
−
(v1u1 + v
2u2 + v¯
1u¯1 + v¯
2u¯2)
1
4φ+
+ 1
4φ
−
(1− (v1u1 + v2u2) (v¯1u¯1 + v¯2u¯2))

 ,
µˆ3 =


− i
√
2
4φ
1/2
+ φ
1/2
−
(v1u1 + v
2u2 − v¯1u¯1 − v¯2u¯2)
−
√
2
4φ
1/2
+ φ
1/2
−
(v1u1 + v
2u2 + v¯
1u¯1 + v¯
2u¯2)
√
2
4φ+
(v¯1v1 + v¯2v2)−
√
2
4φ
−
(u¯1u1 + u¯2u2)

 . (3.51)
Here the index α in µˆα again enumerates the Cartan generators. The com-
ponents of the moment maps are given with respect to the basis {µˆ1, µˆ2, µˆ3}
associated with the complex structures given in (3.3). Their relation to µˆ+
and µˆ− is given by
µˆ1 = µˆ+ + µˆ− , µˆ2 = −i (µˆ+ − µˆ−) , µˆ3 = µˆ3 . (3.52)
The results (3.49) and (3.51) complete this section on isometries in the two
hypermultiplet case.
3.4 The relation to the supergravity conventions
Matching the conventions given in [34] and [31] for the universal hypermulti-
plet, we find that the metric GXY given in (3.32) and the metric gXY in the
Lagrangian (2.1) are related by
gXY (q) = −GXY (q) . (3.53)
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Looking at the definitions of the moment map (2.15) and the one given in
[32], we further find that these differ by a factor of one half,
P rI (q) =
1
2
µˆr(q) . (3.54)
4 The Lagrangian of the F1-model
Now we have all the ingredients to construct the In-picture LEEA for the
explicit model introduced in subsection 2.3. We proceed by first deriving
the Lagrangian and then showing that the scalar masses obey the conditions
arising from the microscopic picture. This example already illustrates all the
key features that appear in the analysis of a generic flop transition in section
5.
4.1 Gauging the general supergravity action
According to the microscopic description of the flop transition reviewed in
subsection 2.3 our In-picture Lagrangian should contain one neutral and one
charged hypermultiplet. These play the roles of the universal hypermulti-
plet and of the transition states, respectively.14 The latter are charged with
respect to the vector field A⋆µ whose associated cycle collapses at the flop.
In our particular model this implies that the transition states are charged
with respect to the vector field associated with the scalar field combina-
tion (U −W ), as this is the modulus that vanishes at the transition locus.
14As explained in the introduction, our model only includes the universal hypermulti-
plet and the transition states. The additional neutral hypermultiplets arising in the CY
compactification are frozen and will not be included in the following analysis.
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Taking the hypermultiplet scalar manifold MHM to be X(2) with complex
coordinates v1, v2, u1, u2, we choose the universal hypermultiplet as being
represented by v1, u1, while the transition states are given by v
2, u2.
Our first task is to identify the proper gauging in the hypermultiplet
sector. Here we need a U(1) Killing vector which acts on the second hyper-
multiplet only. To identify this Killing vector we use the results of section
3.3, where the U(1) Killing vectors on X(2) have been worked out. Looking
at eq. (3.49) it turns out that there is (up to rescaling15) a unique linear
combination of Killing vectors which is independent of v1, u1 and does not
act on the universal hypermultiplet:
kgauge :=k1 − 1√
2
k3
=− i [ 0 , v2 , 0 , −v¯2 , 0 , −u2 , 0, u¯2 ]T . (4.1)
Taking proper linear combinations of the Cartan generators (3.48) we find
the generator of this isometry is
Cgauge := C1 − 1√
2
C3 =
1
4
diag [ 1 , −3 , 1 , 1 ] . (4.2)
In order to construct the scalar potential (2.20) we also need the triplet of
moment maps associated with this isometry. These can be derived by either
substituting the generator (4.2) into the general formula for the moment map
(3.47) or by taking appropriate linear combinations of the moment maps
given in (3.51). Using the definition of φ+ and φ− (3.28) to simplify µˆ3gauge
15Any rescaling of the Killing vector can be absorbed by a rescaling of the gauge coupling
g. We will fix the normalization of the Killing vector and show later that g is uniquely
determined by microscopic M-theory physics.
42
we obtain
µˆrgauge := µˆ
r
1 −
1√
2
µˆr3 =


i
2φ
1/2
+ φ
1/2
−
(v2u2 − v¯2u¯2)
1
2φ
1/2
+ φ
1/2
−
(v2u2 + v¯
2u¯2)
1
2φ
−
(u¯2u2)− 12φ+ (v¯2v2)

 . (4.3)
In the next step we perform the gauging of (2.1) with respect to this
isometry. In order to compare our five-dimensional supergravity action with
eleven-dimensional M-theory data, it is natural to use the embedding coordi-
nates hI , (2.34), as these are the coordinates which are related to the volumes
of the CY cycles. However, for the F1-model it is more convenient to work
with the variables T, U,W given in (2.36). Further, it is useful to label the
vector fields AIµ by their corresponding scalar field:
{
AIµ , I = 0, 1, 2
} −→ {ATµ , AUµ , AWµ } . (4.4)
Next we consider the scalar kinetic terms of (2.1). Since we do not gauge
any isometries of the vector multiplet scalar manifold, the corresponding
gauge covariant derivative becomes a partial derivative,
Dµφx = ∂µφx ⇔ KxI (φ) trivial . (4.5)
In the hypermultiplet sector the microscopic picture fixes the U(1) gauge con-
nection of the isometry (4.1) to be AUµ −AWµ . To implement this requirement
we set
KXT (q) = 0 , K
X
U (q) = k
X
gauge(q) , K
X
W (q) = −kXgauge(q) , (4.6)
where kXgauge(q) is given in (4.1). The covariant derivative for the hypermul-
tiplet scalars then becomes
Dµ qX = ∂µ qX + g
(
AUµ − AWµ
)
kXgauge(q) . (4.7)
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This expression explicitly shows that the universal hypermultiplet parametrized
by v1, u1 is neutral, while the transition states v
2, u2 carry U(1) charges
q = −1 and q = +1 with respect to the gauge fields, respectively.
Next we turn to the scalar potential (2.20) where we take the independent
vector multiplet scalar fields as φx = U,W , while T (U,W ) is given in eq.
(2.40). Including the rescaling (3.54) the P rI are given by
P rT = 0 , P
r
U =
1
2
µˆrgauge , P
r
W = −
1
2
µˆrgauge . (4.8)
Correspondingly, P r is obtained as
P r =
1
2
h1 µˆrgauge =
1
2
6−1/3 (U −W ) µˆrgauge , (4.9)
where we used (2.36) in the second step.
In order to construct the scalar potential of our theory, we work out the
superpotential (2.23). For the P r above this is given by
W = 6−5/6
(
1
2φ−
(u¯2u2) +
1
2φ+
(
v¯2v2
))
(U −W ) . (4.10)
It is now straightforward to check that the Qr defined in (2.24) is independent
of the vector multiplet scalars,
Qr =
√
2
3
P r
W =
µˆrgauge(q)
1
2φ
−
(u¯2u2) +
1
2φ+
(v¯2v2)
. (4.11)
Hence the condition ∂xQ
r = 0 is trivially satisfied. This implies that the
scalar potential can be written as
V(φ, q) = −6W2 + 9
2
gΛΣ∂ΛW∂ΣW . (4.12)
Here gΛΣ is defined in (2.22) and the coordinates of the scalar manifold
MHM ⊗MVM are taken to be
φΛ =
{
v1 , v2 , v¯1 , v¯2 , u1 , u2 , u¯1 , u¯2 , U , W
}
. (4.13)
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Alternatively, we can compute the scalar potential by substituting the
quantities KX , P r, P rx , and the (inverse) metrics (2.41) and (3.32) directly
into the scalar potential (2.20). By explicit computation one finds that the
resulting expressions agree. Since the equality of (2.21) and (2.20) requires
some non-trivial identities of quaternion-Ka¨hler geometry, this result pro-
vides a non-trivial check for our derivation.
4.2 Vacua and mass matrix
After constructing the In-picture Lagrangian for our flop model, let us in-
vestigate its vacuum structure and calculate the corresponding mass matrix.
From the microscopic analysis we know that the masses of the transition
states must be proportional to |U −W | while all other fields must be mass-
less.
We start by investigating the critical points of the potential, which are
given by the condition ∂ΛV = 0. The expression for the potential (4.12)
reveals that all critical points of the superpotential W are automatically
critical points of V while the converse is generally not true. From the explicit
form of W, (4.10), one recognizes that W consists of terms proportional to
|u2|2 and |v2|2. Hence taking a derivative with respect to any scalar field φΛ
and afterwards setting v2 = u2 = 0 satisfies the condition for W having a
critical point:
∂ΛW |v2=u2=0 = 0 . (4.14)
This implies that we have an entire manifold MC of critical points which is
parametrized by the vacuum expectation values of the universal hypermulti-
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plet and vector multiplet scalars:
∂ΛV |MC = 0 , MC =

 v
2 = u2 = 0
v1, u1, U,W not determined by eq. (4.14) .
(4.15)
Corollary 3 from [45] implies that MC actually contains all supersymmetric
critical points of V. At first sight V seems to have also some other critical
points, but it turns out that these are all located outside the scalar manifolds.
To determine the type of vacuum corresponding to this set of critical
points, we substitute the condition for a critical point into the potential
(4.12). Since both W and ∂ΛW vanish at v2 = u2 = 0, we find
V(φ, q) |MC = 0 . (4.16)
Hence the manifold MC corresponds to a set of Minkowski vacua with van-
ishing cosmological constant.
We now calculate the masses of the scalars in our model. These are given
by the eigenvalues of the mass matrix
MΛ Σ = gΛΞ
∂
∂φΞ
∂
∂φΣ
g2V(φ, q)
∣∣∣∣
MC
, (4.17)
where gΛΣ is given in eq. (2.22). Evaluating this expression for the potential
(4.12) we find
MΛ Σ = (mt)2 diag [0 , 1 , 0 , 1 , 0 , 1 , 0 , 1 , 0 , 0 ] , (4.18)
given with respect to the basis (4.13). This result shows that the universal
hypermultiplet v1, u1 and the vector multiplet scalars U,W are massless and
parametrize the flat directions of the potential. The masses of the transition
states v2, u2 are given by
(mt)
2 =
3
2
g2 6−2/3(U −W )2 = 3
2
g2 (h1)2 . (4.19)
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In terms of the microscopic picture |h1| = 6−1/3 |U −W | corresponds to the
volume of the shrinking cycle. This implies (4.19) has precisely the structure
expected from the eleven-dimensional point of view. By comparing with
(2.31) and using (2.30) together with the value T(2) = (
8π
κ2
(11)
)1/3 of the M2-
brane tension [10], we find that g is fixed by M-theory,
g =
√
2
3
(48 π)1/3 . (4.20)
Thus the In-picture LEEA is completely fixed once we choose the hypermul-
tiplet manifold to be X(2).
4.3 The scalar potential
One of the important features of the In-picture Lagrangian is that including
the transition states gives rise to a scalar potential. We found that the critical
points of this potential parametrize a submanifold MC which is character-
ized by vanishing transition states. At these points the potential vanishes
identically. It is then natural to ask about the properties of the potential
for non-zero transition states. Especially its behavior at the boundaries of
the scalar manifolds is of particular interest and will be investigated in this
subsection.
We start by studying the potential in terms of the vector multiplet scalars
U and W , freezing the hypermultiplet scalars at a fixed, non-zero value. As
Fig. 2 shows, the potential is positive definite and finite as long as we are
inside the vector multiplet scalar manifold illustrated in Fig. 1. The potential
diverges at the boundary b2 where the vector multiplet metric gxy has a zero
eigenvalue. At the boundary b1, where det(gxy) is infinite, the potential is
finite. This behavior can be traced back to the second term of the scalar
potential (2.20) which contains the inverse metric gxy.
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Figure 2: The potential V(φ, q) at fixed values of the hypermultiplet scalars u1 = u2 =
0.2, v1 = v2 = 0.
There are, however, additional features of the potential, which cannot
be inferred from Fig. 2 directly. While Fig. 2 clearly shows that the value
of the potential is small in the vicinity of the flop line U = W , an explicit
calculation reveals that its actual minimum (for these fixed values of the
hypermultiplet scalars) is not located at the flop line but slightly next to it.
One should also note that even though Fig. 2 suggests that this point is a
critical point, this is not the case, since the derivatives of V with respect
to the hypermultiplet scalars do not vanish. Finally we observe that the
potential diverges quadratically, V ∝W 2, in the limit W →∞.
After analyzing the behavior of the potential at the boundaries of the
vector multiplet scalar manifold, we now turn to the boundaries appearing
in the hypermultiplet sector. These are given by the loci where the hyper-
multiplet metric (3.32) has an infinite eigenvalue, due to φ+ or φ− defined in
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Figure 3: The scalar potential restricted to the submanifold U = W = 0.6, v1 = u1 = 0,
v2 = v¯2 = p and u2 = u¯2 = q. The potential diverges at the boundaries where φ+ or φ−
become zero.
(3.28) becoming zero. Assuming v1 = u1 = 0 and v
2 = v¯2 = p, u2 = u¯2 = q
to be real we obtain
φ+ = 1− p2 , φ− = 1− q2 + p2 q2 . (4.21)
This shows that p is bounded and takes values −1 < p < 1 while q is
unbounded. The dependence of the potentialV on the hypermultiplet scalars
p, q for frozen vector multiplet scalar fields is shown in Fig. 3. This figure
illustrates that V diverges at the boundaries of the hypermultiplet moduli
space where φ+ or φ− vanish. The minimum of the potential, Vmin = 0, is
located at q = p = 0, which corresponds to the case of vanishing transition
states.
Combined with the result obtained for the vector multiplet scalar mani-
fold, this shows that the potential diverges at all boundaries of the moduli
space where the scalar metrics develop a zero eigenvalue. At the boundary
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U = 0, where det(gxy) is infinite the potential is finite.
5 General flop transitions
In the previous section we constructed the In-picture Lagrangian for a par-
ticular example of a flop transition where the transition states were given
by a single charged hypermultiplet. We will now generalize this construction
to a generic flop where N hypermultiplets become massless at the transition
locus. Our construction does not depend on the details of the vector mul-
tiplet scalar manifolds connected by the flop and can easily be adjusted to
any specific transition. The relation between Out-picture and In-picture is
given by the orbit sum rule (2.33). After fixing the hypermultiplet scalar
manifold to be X(N +1), we find that the resulting hypermultiplet sector of
these In-picture Lagrangians is still uniquely determined by the microscopic
theory.
5.1 Constructing the action
We will now construct the In-picture Lagrangians for a generic flop transi-
tion where the homology class C⋆ = qIC
I contains N isolated holomorphic
curves. In this case the transition states are given by N hypermultiplets,
which are charged with respect to the vector field A⋆µ = qIA
I
µ associated
to C⋆.16 Generalizing our construction from the previous section, we take
the hypermultiplet scalar manifold to be X(N + 1), which will contain the
universal hypermultiplet v1, u1 and N charged hypermultiplets v
α, uα. Here
the index α = 2, . . . , N + 1 enumerates the charged hypermultiplets which
16We do not assume that an adapted parametrization of the Ka¨hler cone (where hI > 0)
has been chosen.
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correspond to the transition states. We further use h⋆ = qIh
I to denote the
volume of the shrinking cycle C⋆.
The microscopic theory imposes that the transition states are charged
with respect to A⋆µ, while the universal hypermultiplet remains neutral. This
condition requires the existence of a holomorphic Killing vector of the form:
kv
i
gauge = −i
[
0 , v2 , . . . , vN+1
]T
, kuigauge = i [ 0 , u2 , . . . , uN+1 ]
T . (5.1)
Since this Killing vector is holomorphic, its components kv¯
i
gauge and k
u¯i
gauge
can be obtained from kv
i
gauge and k
ui
gauge by complex conjugation. The sign
conventions and overall scale in (5.1) are chosen such that for N = 1 we
reproduce the results of the previous section.
The first step is to check whether there exists a generator t which gives
rise to this Killing vector. By inspection of (3.44) we find this generator
should correspond to an element of the Cartan subgroup of SU(N + 1, 2),
the isometry group of X(N + 1). This implies that t should be diagonal.
In this case the general expression for a Killing vector on X(N + 1) (3.44)
simplifies to
kζ = 0 ,
kz =
i
2
(
tn+1n+1 − tn n
)
,
kˆv
i
= i
(
ti jv
j − vi tn+1n+1
)
,
kˆui = i
(
tn+1n+1ui − tjiuj − ui
(
tn+1n+1 − tn n
))
.
(5.2)
Here it is implicitly understood that ti j = ak δ
i
j is diagonal. The ak are N+1
real constants. Comparing coefficients between the eqs. (5.1) and (5.2), we
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find the following relations for the entries of t:
a1 = t
n+1
n+1 , −aα + tn+1n+1 = 1 , tn+1n+1 = tnn ,
a1 +
N+1∑
α=2
aα + t
n
n + t
n+1
n+1 = 0 .
(5.3)
The last equation arises from the condition that t should be traceless. This
set of equations has the unique solution:
t11 = t
n
n = t
n+1
n+1 =
N
N + 3
, t22 = . . . = t
N+1
N+1 = −
3
N + 3
. (5.4)
Hence the gauge generator tgauge is uniquely determined,
tgauge = diag

 NN + 3 ,− 3N + 3 , . . . , − 3N + 3︸ ︷︷ ︸
Ntimes
,
N
N + 3
,
N
N + 3

 . (5.5)
Observe that in the case N = 1, this is exactly the generator (4.2) of our
example.
In the next step we calculate the moment map for this isometry by sub-
stituting tgauge into eq. (3.47). Taking linear combinations µˆ
1 = µˆ+ + µˆ−,
µˆ− = −i (µˆ+ − µˆ−) and using the definition (3.28) to simplify the resulting
expressions, we obtain the following SU(2) triplet of moment maps:
µˆrgauge =


i
2φ
1/2
+ φ
1/2
−
(vα uα − v¯αu¯α)
1
2φ
1/2
+ φ
1/2
−
(vα uα + v¯
αu¯α)
1
2φ
−
(u¯αuα)− 12φ+ (v¯αvα)

 . (5.6)
The gauging of this isometry exactly proceeds as in the example of the pre-
vious section.
In order to complete the construction of our In-picture Lagrangians we
still have to calculate the scalar potential. For this purpose we first derive
the superpotential W (2.23). The moment map P r is given by
P r =
1
2
h⋆ µˆrgauge(q) . (5.7)
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Substituting in the explicit form of µˆrgauge, the superpotential W becomes
W = 1√
6
h⋆
((
1
2φ−
(u¯αuα)− 1
2φ+
(v¯αvα)
)2
+
1
φ+φ−
(v¯αu¯α) (v
αuα)
)1/2
.
(5.8)
Looking at Qr defined in (2.24), we see that
Qr =
√
2
3
P r
W =
µˆrgauge(q)(
µˆsgauge(q)µˆ
s
gauge(q)
)1/2 (5.9)
is independent of the vector multiplet scalar fields and satisfies the condition
∂xQ
r = 0. Hence the scalar potential can be expressed in terms of the
superpotential and takes the form (2.21).
5.2 Calculating the mass matrix
After constructing the effective Lagrangian which includes the transition
states for a generic flop transition, we will now check that the masses of
the scalar fields satisfy the conditions arising from the microscopic theory.
We start by determining the vacuum of our theory. As in the F1-model the
equation
∂ΛW = 0 (5.10)
is solved by setting all transition states to zero. Corollary 3 of [45] assures
that these are all critical points of the superpotential and therefore all su-
persymmetric critical points of V.17 The vacuum expectation values of the
vector multiplet scalars and the universal hypermultiplet are not determined.
With this observation we find the vacuum manifold MC of our theory:
MC =

 v
α = uα = 0 , α = 2, . . . , N + 1
v1 , u1 , φ
x , not determined by eq. (5.10).
(5.11)
17The existence of further critical points of V depends on the explicit choice of vector
multiplet scalar manifold and is therefore not addressed here.
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SubstitutingMC into the superpotential, we find thatW vanishes identically.
Hence we have V(φ, q)|MC = 0 and the vacuum is Minkowski. This is in
complete analogy to our analysis in subsection 4.2.
We will now calculate the mass matrix (4.17) for our Lagrangian. In
this case it is more convenient to start from the scalar potential in the form
(2.20):
V(φ, q) = −4P rP r + 2gxyP rxP ry +
3
4
gXYK
XKY . (5.12)
Here the first observation is that for the P r given in (5.7) the terms P rP r
and gxyP rxP
r
y are of fourth order in the transition states. This implies that
these terms do not contribute to the mass matrix of our model since they
vanish identically when taking two derivatives with respect to any scalar field
and restricting to MC afterwards. Hence the masses of our fields are solely
generated by the last term in eq. (5.12).
In the next step we show that the vector multiplet scalar fields φx are
massless. The matrix
MΛΣ := ∂Λ∂Σ
(
3
4
g2 gXY K
X KY
)∣∣∣∣
MC
(5.13)
has non-trivial entries iff both Λ and Σ take values in the hypermultiplet
sector. To see this, we expand KX = h⋆(φ)kXgauge(q) and note that k
X
gauge(q)
vanishes when restricted to MC . This implies MΛΣ is only non-trivial if
there is one derivative acting on each of the Killing vectors kXgauge(q). Since
gΞΛ = gXY ⊕gxy is the direct sum of the hypermultiplet and vector multiplet
inverse metrics, we find that non-trivial entries of the mass matrix (4.17)
may occur in hypermultiplet sector only. This establishes that the vector
multiplet scalars φx are massless.
Thus we restrict our analysis to the case where both Λ and Σ take values
in the hypermultiplet sector and calculate the masses of the hypermultiplets.
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Only terms where each Killing vector is acted on by a derivative contribute
to MXY :
MWZ = 3
2
g2 (h⋆)2 gXY ∂W k
X
gauge ∂Z k
Y
gauge
∣∣∣∣
MC
. (5.14)
The actual calculation ofMXY proceeds in two steps. We first calculate the
matrix KYX := ∂Xk
Y
gauge(q)|MC . With respect to the basis
qX =
{
v1 , . . . , vN+1 , v¯1 , . . . , v¯N+1 , u1 , . . . , uN+1 , u¯1 , . . . , u¯N+1
}
(5.15)
KYX is diagonal and has the following form:
K XY = diag

0,−i, . . . ,−i︸ ︷︷ ︸
N times
, 0, i, . . . , i︸ ︷︷ ︸
N times
, 0, i, . . . , i︸ ︷︷ ︸
N times
, 0,−i, . . . ,−i︸ ︷︷ ︸
N times

 . (5.16)
In the second step we calculate gXY (q)|MC by restricting the general ex-
pression for gXY (q) given in eq. (3.33) to MC . We find that all blocks ap-
pearing in (3.32) become diagonal. Taking into account the relation (3.53),
their non-vanishing entries are given by
gv1v¯1 =
1
2φ2+φ
2
−
(
1− u¯1u1 (1− v¯1v1)2
)
, gvαv¯β =
1
2φ+
δαβ ,
gu1u¯1 =
1
2φ2
−
(1− v¯1v1) , guαu¯β = 12φ
−
δαβ ,
gv¯1u1 = − 12φ2
−
(u¯1v
1) .
(5.17)
Here and in the following φ+ and φ− are understood to be restricted toMC .
The matrix MXY can now be computed from
MXY = 3
2
g2 (h⋆)2
[
K gKT
]
. (5.18)
Explicitly, we find
MXY =


0 A 0 0
A 0 0 0
0 0 0 B
0 0 B 0

 , (5.19)
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with A and B being the following (N + 1) × (N + 1)-dimensional block
matrices:
A =
3
4φ+
g2(h⋆)2 diag

0, 1, . . . , 1︸ ︷︷ ︸
N times

 , B = 3
4φ−
g2(h⋆)2 diag

0, 1, . . . , 1︸ ︷︷ ︸
N times

 .
(5.20)
Finally we need to calculate the inverse metric gXY , restricted toMC , by
inverting gXY |MC given in (5.17). The resulting inverse metric is again of the
structure (3.32) with block diagonal entries. The only non-zero components
are given by
gv
1v¯1 = 2φ2+ φ− , g
vαv¯β = 2φ+δ
αβ ,
gu1u¯1 = 2 φ−
φ+
(
1− u¯1u1 (1− v¯1v1)2
)
, guαu¯β = 2φ− δαβ ,
gv
1u¯1 = 2φ+ φ− (u¯1v1) .
(5.21)
The hypermultiplet masses are given by the eigenvalues of the mass ma-
trix
MXY = gXZMZY
∣∣
MC . (5.22)
Using the results (5.19) and (5.21), we find that the resulting matrix is di-
agonal
MXY = (mt)2

0, 1, . . . , 1︸ ︷︷ ︸
N times
, 0, 1, . . . , 1︸ ︷︷ ︸
N times
, 0, 1, . . . , 1︸ ︷︷ ︸
N times
, 0, 1, . . . , 1︸ ︷︷ ︸
N times

X
Y
, (5.23)
where (mt)
2 = 3
2
(h⋆)2 g2. This result explicitly shows that our Lagrangian
contains one massless hypermultiplet, given by the complex fields v1, u1. This
multiplet corresponds to the universal hypermultiplet. The transition states
vα, uα all acquire the same mass
mt =
√
3
2
g h⋆ . (5.24)
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It is proportional to the volume of the flopped cycle, h⋆, as required by the
underlying microscopic theory. Comparing (5.24) to eq. (2.31) we find that
the gauge coupling constant g is again set by (4.20).
This result concludes the construction of the In-picture Lagrangian for a
generic flop transition. We find that after fixing the hypermultiplet scalar
manifold to be X(N +1), the hypermultiplet sector of the resulting action is
uniquely determined in terms of the microscopic theory. We further note that
in order to calculate the mass matrix, we did not need to specify the details of
the vector multiplet sector. Hence the analysis in this section can be used to
model any flop transition where N charged hypermultiplets become massless.
In the case where N = 1 these results exactly match the ones found in the
explicit example given in section 4.
6 Discussion and Outlook
In this paper we have constructed a family of five-dimensional gauged super-
gravity actions which can be used to describe flop transitions in M-theory
compactifications on Calabi-Yau threefolds. The new feature of these actions
is that they explicitly include the extra light modes occurring in the transi-
tion region. The masses of these modes are encoded in the scalar potential.
While the vector multiplet sector could be treated exactly, we used a toy
model based on the Wolf spaces X(1 + N) = U(1+N,2)
U(1+N)×U(2) to describe the
hypermultiplets. In this context we worked out the metrics, the Killing vec-
tors, and the moment maps using the superconformal quotient construction
[31, 32, 33]. This geometrical data suffices to determine any hypermultiplet
sector based on X(1 +N) in N = 2 supergravity in dimensions d ≤ 6. Fur-
thermore, this approach considerably simplifies the investigation of gaugings,
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as the Killing vectors and moment maps are directly given in terms of the
generators of the isometry group of the underlying Wolf space.
Our low energy effective actions have all the properties required to model
a flop transition. Only the transition states acquire a mass away from the
flop and the potential has a family of degenerate supersymmetric Minkowski
ground states, which is parametrized by the moduli of X . Therefore none
of the flat directions is lifted, and there are no additional flat directions
corresponding to Higgs branches. Note that this is not implied by the charge
assignment alone. The scalar potential which encodes the masses of the
scalar fields is a complicated function determined by the gauging. Here it
was not obvious a priori that there exists a gauging which does not lift some
of the flat directions or create new ones. The latter effect could arise through
hypermultiplets combining with vector multiplets into long vector multiplets,
giving rise to a Higgs branch. Thus it is non-trivial that we can model a flop
transition with our quaternion-Ka¨hler manifolds.
However, it is clear that a LEEA based on X(1 + N) can only be a
toy model, as the hypermultiplet manifolds which actually occur in string
and M-theory compactifications are unlikely to be symmetric spaces. More-
over, it is conceivable that integrating out the charged hypermultiplets mod-
ifies the couplings of the neutral hypermultiplets, so that the manifolds of
the In-picture and the Out-picture are not related by the simple truncation
X(1 +N)→ X(1). Yet, the very fact that we find a consistent description
of a flop transition shows that while such threshold corrections might mod-
ify the couplings, they cannot play an essential role. This is different in
the vector multiplet sector, where the threshold corrections play an essential
role in determining the In-picture LEEA, because the Out-picture LEEA are
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discontinuous.18
In summary, our model is a reasonable approximation of M-theory physics
because it (i) defines a consistent gauged supergravity action, (ii) has, for
arbitrary N , the correct properties to model a flop, (iii) is unique (once the
hypermultiplet metric is fixed) and (iv) is simple enough to allow for explicit
calculations. The last point will be illustrated in a separate paper [11], where
we consider cosmological solutions.
One interesting direction of future research would be to take a complemen-
tary approach and ask for the constraints imposed on a general quaternion-
Ka¨hler manifold by the existence of a flop transition. This could also be
helpful for deriving such metrics from M-theory calculations. Here we ex-
pect that again the description of quaternion-Ka¨hler manifolds in terms of
hyper-Ka¨hler cones is useful.
Concerning the project [17, 18] of deriving LEEA for topological phase
transitions and other situations with additional light states, the next step
would be to consider conifold singularities in type II compactifications on
Calabi-Yau threefolds. As this also involves additional massless hypermulti-
plets, we can use the same hypermultiplet sector as in this paper. The only
complication is that the vector multiplet sector is much more involved, as it
is encoded in a holomorphic instead of a cubic prepotential. Nevertheless,
we expect that the threshold corrections can be treated along the lines of
[18]. Further steps would be to consider phase transitions which have addi-
tional flat directions, such as conifold transitions and extremal transitions,
and to include fluxes. The last point is of particular interest, since gaugings
18In the related case of SU(2) enhancement it was proven in [17] that the Out-picture
LEEA cannot be extended to an SU(2) invariant action without taking into account the
threshold corrections.
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induced by flux are complementary to those related to transition states, as
they involve non-compact isometries.
Ultimately, we need to know what are the most general gauged super-
gravity actions that can be obtained by the compactification of string or
M-theory including all kinds of fluxes, branes and topological transitions.
Only once this point has been mastered, we will have the technical tools to
fully access the dynamics of transition states and to study their impact on
problems such as moduli stabilization, inflation, and the naturalness prob-
lems associated with the electroweak scale and the cosmological constant.
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